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Formulation of the displacement-based finite element method

LECTURE 3 General effective formulation of the displace-
ment-based finite element method

Principle of virtual displacements

Discussion of various interpolation and element
matrices

Physical explanation of derivations and equa-
tions

Direct stiffness method
Static and dynamic conditions
Imposition of boundary conditions

Example analysis of a nonuniform bar, detailed
discussion of element matrices

TEXTBOOKXK: Sections: 4.1, 4.2.1, 4.2.2

Examples: 4.1, 4.2, 4.3. 4.4
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Formulation of the displacement-based finite element method
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FORMULATION OF
THE DISPLACEMENT - ®The formulation is

BASED FINITE really a modern appli -
ELEMENT METHOD cation of the Ritz/

Galerkin procedures
® A very general discussed in lecture 2

formulation

eConsider static and
® Provides the basis of dynamic conditions, but
almost all finite ele- linear analysis
ment analyses per-
formed in practice
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Fig. 4.2. General three-dimensional body.
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Formulation of the displacement-based finite element method

The external forces are
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B_|mB]|. = S1. i_ i
i'fysi' fY:_F_- Y (4.])

The displacements of the body from
the unloaded configuration are
denoted by U, where

uh=[u v W] (4.2)

The strains corresponding to U are,

T— -
€ = [€yy €yy €77 Yxy Yyz Yzx] (4.3)
and the stresses corresponding to €
are
TT=[T Tuy T79 Tyy Tvr Tyl (4.4)
- XX YY “ZZ XY YZ "ZIX '
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Formulation of the displacement-based finite element method

Principle of virtual displacements

/§T1‘1v= fdv+/u £5ds
v
T 5
+2 0 F (4.5)
:
where
._T_ .
U'=[0 V W (4.6)
€ =€, €y €17 Tov Yvo Tou] (4.7)
€ xx vy Szz Yxy Yvz Yzx y

Finite element

Fig. 4.2. General three-dimensional body.

3-5



Formulation of the displacement-based finite element method

zwy
X,U
Finite element
For element (m) we use:
g(m)(x.y,2)=ﬂ(m)(x,y,2) 0 (4.8)

AT _ ]

QT=[u]u2u3 cee U] (4.9)
E(m)(x,y,2)=§('“)(x,y,z) 1] (4.10)
o) - gmgtm) 1) (4.11)




Formulation of the displacement-based finite element method

Rewrite (4.5) as a sum of integrations
over the elements

Z € _(m)dv(m) =

m V(m)

| gm 7"y m
m

Zm/v( (m)T <(m)
smT M m)
£ ds
' %fs(m) g -
+ .giTg" (4.12)
1

Substitute into (4.12) for the element
displacements, strains, and stresses,
using (4.8), to (4.10),

: — \E("')T
T (m) T (m)g(m) gy (M) 5
,Z m & }9,‘ (m) _ (m) _(m)
I \___/‘.— - -
’Z U / H("‘) g (m) v(’“): (g)(m) =§(m)(ﬁ)
(m) | )T
- B} _S(m)Tf—S(m)dS(m): M _ym §
m ~ 1 Us(m)T
. (m)T I( m) (m); =
Z[/(m) e =(m)T
———— =

+ E] (4.13)




Formulation of the displacement-based finite element method

We obtain
KU=R (4.14)
where
R=Rg + R - Ry + R. (4.15)
(m)T (m)g (m) (m)
K=, B\ ¢ dv
- 25,40n) - (4.16)
(m)T B (m)
§/v("‘ H dv (4.17)
i 4 (m)T (m)
Rg j%;.<km) ” (4.18)
=2/ B("‘)TI '™ (.19)
m A
Re=F (4.20)

In dynamic analysis we have

~nm)
_R.B= Z/(m) ﬂ(m)T[fB "
m 7y fB(m)= '{;B(m)_ pﬁ(m)

mMymiiav(m  (a.21)
e L g(m - y(m g

MU+KU=R (4.22)

M E/ oMy (m)Tyy(m) gy (m)
A (4.23)




Formulation of the displacement-based finite element method

To impose the boundary conditions,
we use

Maa Mab ya Eaa Bab !a
+
Mba Mbb lJlo Eba Ebb gb
R,
= (4.38)
Ry
Mia Ya"Xaa Y Ra-Kap Y- Map Yy
(4.39)
Bb::Mba l—Ja-l'l\—’lbb LJb'FEba !a'kﬂbb gb
(4.40)
| \—
\ Transformed
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Fig. 4.10. Transformation to skew
boundary conditions
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Formulation of the displacement-based finite element method

column
For the transformation on the _]
total degrees of freedom we use °.
=T0 -th 1
Uu=TU (4.41) T_JoW o cosa -sino
so that 1
T= .
- T -th . ]
MU+KU=R (4.42) j——w=sina cos o
1
where
L
H=T'MT;K=T'KT ; R=T'R (4.43)
Y
a
Spring __—* v @

element

Fig. 4.11. Skew boundary condition
imposed using spring element.

We can now also use this procedure
(penalty method)
Say U; = b, then the constraint

equation is

kUs=kb (4.44)
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Formulation of the displacement-based finite element method

Example analysis
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Formulation of the displacement-based finite element method

Element

interpolation functions

y
F T
Ly 1.0
— 4—
|= -]
L
T » -7
1o I
— y T
| ——— —o |
Displacement and strain
interpolation matrices:
(1) y y
BV =[(1-+55) 5= 0]
= 100° 100
NOBMOR
(2) . Yy Y
i Lo (@ 80) 80:|
(1) _ 1 1
BV oL L 0]
- 100 100 v, B(m)U
= 80 80
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Formulation of the displacement-based finite element method

stiffness matrix

- 1]
100
0
-1 ]
K= (])(E)Z) . [m T00 O]dy
. 0
0 ¥]

Y2 1 1 1
+E0 (.H"m) 80 [0 " 80 %-:Idy
1
| 80 ]

Hence
1 -1 0 0 00
_E 13E
l_(_—ﬁ -1 10 +2—-46- 0 1 -1
.0 0 0 0 -1 1
F 2.4 -2.4 0
E
“7ig |-2-4 15.4 -13
[ 0 -13 13

Similarly for M, Rg , and so on.
Boundary conditions must still be

imposed.
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