Creating Fields: Ampere’s Law
Challenge Problem Solutions

Problem 1:

The sketch below shows three wires carrying currents I, 1, and 1;, with an Ampérian
loop drawn around 1, and 1,. The wires are all perpendicular to the plane of the paper.
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Which currents produce the magnetic field at the point P shown in the sketch (circle
one)?

a) |, only.
b) I, and 1,.

c) I, l,and I;.
d) None of them.

e) It depends on the size and shape of the Amperian Loop.

Problem 1 Solution:

c. All three currents 1, I, and 1, contribute to the magnetic field at the

at the point P .



Problem 2:

Find the magnitude and direction of the magnetic field at the point P generated by the
current carrying wire and loop depicted in the figure.

Problem 2 Solution:

The magnetic field is the superposition of the field of a very long wire and a circular
current loop. At the point P, both fields point in the same direction, out of the page. The
magnitude is given by

B(P)=B (P)+B
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Problem 3:

The figure below shows two closed paths wrapped around two conducting loops carrying
currents iy and ip. What is the value of the integral for (a) path 1 and (b) path 2?

Problem 3 Solution:

To do this you have to use the right hand rule to check whether the currents are positive
or negative relative to the path. On path 1 i; penetrates in the negative direction while i,

. L 7 —
penetrates in the positive direction, so :[_B ds =p,(i,—i,).

On path 2 i penetrates twice in the negative direction and i, once in the negative
L =T A
direction so _I_B ds=—p, (2|1 + |2)




Problem 4:

A coaxial cable consists of a solid inner conductor of radius a, surrounded by a
concentric cylindrical tube of inner radius b and outer radius c. The conductors carry
equal and opposite currents lp distributed uniformly across their cross-sections.
Determine the magnitude and direction of the magnetic field at a distance r from the axis.
Make a graph of the magnitude of the magnetic field as a function of the distance r from
the axis.

(@r<a;
(b)a<r<b;
(cb<r<c;

(d)r>c.

Problem 4 Solutions:

. réy I’ .
(@) The enclosed currentis 1, = IO[” j: 0. Applying Ampere’s law, we have

ra’ a?

2

I,r | . . .
B(27r) = py — — orB :% r, running counterclockwise when viewed from left
a a

(b) The enclosed currentis I, =1,. Applying Ampere’s law, we obtain

| . . .
B(27r) = y,l, or B= /;0 % running counterclockwise when viewed from left
zr

(©)



ar® —ab® ) 1,(c?-r?)
Ienc=|0_|0 7Z'C2—7Z'b2 = C2_bZ

Applying Ampere’s law,

I,(c* —r?)
B(27r1) = w4, 0(:27
Holo (C* = 1%) : : :
or B="—————=, running counterclockwise when viewed from left
27(c” b )r
(d)

B=0since I, =0



Problem 5:

Consider an infinitely long, cylindrical conductor of radius R carrying a current | with a
non-uniform current density J = ar?, where o is a constant and r is the distance from
the center of the cylinder.

(a) Find the magnetic field everywhere.
(b) Plot the magnitude of the magnetic field as a function of r.

[Hint: See Example 9.11.6 for a similar problem.]

Problem 5 Solution:

The enclosed current is given by
e = [J-dA= [ (@r?)(2ar'dr') = [ 27ar® dr'

Forr<R,
zor®

2

le = |27 r®dr'=
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Applying Ampere’s law, the magnetic field is given by

4
B(2ar) = L0

or




Forr>R,
naR*

| 27zar®dr' =

enc

O

Applying Ampere’s law, the magnetic field is given by

4
B(27r) = HomraR™
or
B — II'IO(XR4
4r

(b) Plot the magnitude of the magnetic field as a function of r.
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Problem 6:

Consider two infinitely large sheets lying in the xy-plane separated by a distance d
carrying surface current densities K, = Kii and K, =K i in the opposite directions, as
shown in the figure below (The extent of the sheets in the y direction is infinite.) Note

that K is the current per unit width perpendicular to the flow.
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a) Find the magnetic field everywhere due to Rl.
b) Find the magnetic field everywhere due to K.

c) Applying superposition principle, find the magnetic field everywhere due to both

current sheets.

d) How would your answer in (c) change if both currents were running in the same

direction, with K, =K, =K i ?
Problem 6 Solution:

Consider two infinitely large sheets lying in the xy-plane
separated by a distance d carrying surface current densities

K,=Ki and K, =—K i in the opposite directions, as
shown in the figure below (The extent of the sheets in the y

direction is infinite.) Note that K is the current per unit
width perpendicular to the flow.

(a) Find the magnetic field everywhere due to K.
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Consider the Ampere’s loop shown above. The enclosed current is given by

I = [J-dA=KI

Applying Ampere’s law, the magnetic field is given by

B(2l) = ,KI or B :%

Therefore,
_ H#K “-, 7> i
Hy i 7 <2
2 2

(b) Find the magnetic field everywhere due to K, .

The result is the same as part (a) except for the direction of the current:
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(c) Applying superposition principle, find the magnetic field everywhere due to both

current sheets.

(d) How would your answer in (c) change if both currents were running in the same

direction, with K, =K, =K i?

In this case, B, remains the same but



Therefore,

L
B, =
#K ]
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_ﬂonu
B,+B, =10,
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Problem 7: Two long solenoids are
nested on the same axis, as in the figure

below. The inner solenoid has radius R,
and n, turns per unit length. The outer

solenoid has radius R, and n, turns per

unit length. Each solenoid carries the
same current | flowing in each turn, but
in opposite directions, as indicated on
the sketch.




Use Ampere’s Law to find the direction and magnitude of the magnetic field in the following
regions. Be sure to show your Amperian loops and all your calculations.

a) O<r<R
b) R <r<R,
c) R,<r

Problem 7 Solution:
Two long solenoids are nested on the same axis, as in the figure below. The inner solenoid has
radius R, and n, turns per unit length. The outer solenoid has radius R, and n, turns per unit

length. Each solenoid carries the same current | flowing in each turn, but in opposite directions,
as indicated on the sketch.

Use Ampere’s Law to find the direction and magnitude of the magnetic field in the following
regions:

(@ 0<r<R;

To solve for the magnetic field in this case, we take the top rectangular loop shown in the figure.
The current through the loop is

I ==L +0,00 =(—n, +n,) /I

QN

QS

The loop has four segments. Along two of those (top and bottom, horizontal), B is perpendicular
to d§,and B-d§=0.On the other hand, along the outer vertical segment, B =0. Thus, using

Ampere’s law cJSE-d§ = 1,1, we have



Sﬁé-d§=B£+0+O+0=B£ =gt (-l +0,01) = B=gl (-n,+n,)k
(b) R <r<R,

To solve for the magnetic field in this case, we take the bottom rectangular loop shown in the
figure. The current through the loop is

lne =N, 1N

The loop has four segments. Along two of those (top and bottom, horizontal), B is perpendicular
to dS,and B-ds=0. On the other hand, along the outer vertical segment, B =0. Thus, using

Ampere’s law cJSB-d§:yolenc, we have
cﬁB-d§=B£+O+O+0=B£ =00l = B=pn,lk

© R,<r

Since the net current enclosed by the Amperian loop is zero, the magnetic field is zero in this
region.



Problem 8:

The figure below shows two slabs of current. Both slabs of current are infinite in the x and z
directions, and have thickness d in the y-direction. The top slab of current is located in the

region 0 <y < d and has a constant current density J_, =JZ out of the page. The bottom slab
of current is located in the region -d <y < 0 and has a constant current density jin =-JZ into
the page.
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(a) What is the magnetic field for |y| > d ? Justify your answer.

(b) Use Ampere’s Law to find the magnetic field at y = 0. Show the Amperian Loop that you
use and give the magnitude and direction of the magnetic field.
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c) Use Ampere’s Law to find the magnetic field for 0 <y <d. Show the Amperian Loop that
you use and give the magnitude and direction of the magnetic field.

Amperian Loop
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(d) Plot the x-component of the magnetic field as a function of the distance y on the graph
below. Label your vertical axis.

Problem 8 Solution:
(a) Zero. The two parts of the slab create equal and opposite fields for |y| >d.

(b) The field at y = 0 points to the right (both slabs make it point that way). So walk counter
clockwise around the loop shown in the above figure and Ampere’s Law gives:

§B-ds - BI+O+0+0:4T7TIenC — 41y (31d) = [B= 41,307 (to the right)

(c) The field for 0 <y <d still points to the right. So walk counter clockwise around the loop
shown in the above figure and Ampere’s Law gives:

§B-ds=BI+0+0+0=p,l

enc

:%JI (d—y)=|B=uJ(d-y)i (totheright)

(d)
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Problem 9:

An infinitely long wire of radius a carries a current density J, which is uniform and constant.
The current points "out of" the page, as shown in the figure.
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(a) Calculate the magnitude of the magnetic field B(r) for (i) r <a and (ii) r>a. For both
cases show your Amperian loop and indicate (with arrows) the direction of the magnetic field.

(b) What happens to the answers above if the direction of the current is reversed so that it flows
"into" the page ?

(c) Consider now the same wire but with a hole bored throughout. The hole has radius b (with
2b < a) and is shown in the figure. We have also indicated four special points: O, L, M, and N.
The point O is at the center of the original wire and the point M is at the center of the hole. In

this new wire, the current density exists and remains equal to J, over the remainder of the cross

section of the wire. Calculate the magnitude of the magnetic field at (i) the point M, (ii) at the
point L, and (iii) at the point N. Show your work.

Hint: Try to represent the configuration as the "superposition" of two types of wires.




Problem 9 Solutions:
(a)The dashed lines above are the Amperian loops | will use for (i) and (ii). They both have a
radius of r, and in both cases the paths are counterclockwise, as is the B field, due to a
current out of the page (right hand rule).

() r<a.

From Ampere’s Law:

B— ,Uo‘]o7Zrz _ HodoT
27

= pydoat’ = counterclockwise

§B-ds = 2218 =

penetrate

@ir>a.

Now we just contain all of the current:

B— Hod o’ _ Hod @
2nr 2r

= fyd,ma° = counterclockwise

§B-ds = 2218 = 5

penetrate

(b)If the direction of current flips then so does the direction of the magnetic field, so it is
clockwise rather than counterclockwise. The magnitude of the field remains the same.

(c)The point here is that we have two wires superimposed on top of each other. The large (radius
a) wire carries current out of the page while the smaller (radius b) wire carries current into the
page (with the same current density). At all points L, M and N we are inside the large wire and
on the right, so the counterclockwise B field is pointing up the page. What is happening from the
small wire changes from place to place

(i) the point M:

Here we are at the center of the small wire, so it contributes nothing. We are ataradiusr= a -
b inside the big wire, so from part (a.i) of this problem we have:

B— ,Uo‘Jo(a_b)

u
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(i) atthe point L:

Here we are to the left of the small wire (at a radius r = b), so the clockwise field (as we said in
part b) is pointing up, just like the CCW field from the big wire We are ataradiusr= a - 2b
inside the big wire, so:

B— ,Uo‘]o(a_Zb)+ Hodob up = /UoJo(a_b)
2 2 2

up

(iii)  at the point N:

Here we are to the right of the small wire (at a radius r = b), so the clockwise field is pointing
down, opposite the CCW field from the big wire so they subtract rather than add We are at a
radius r = a inside the big wire, so:

B— Hodod _ Hod oD up = ﬂo‘]o(a_b)
2 2 2

up

A comment about people’s work on this problem: | was stunned at how many people tried to do
Ampere’s law on the wire with a hole in it. Since the hole breaks the cylindrical symmetry of the
problem you just can’t do this. That is, since B is no longer constant around an Amperian

centered on O, jEB -ds # 22rB . B isn’t constant, so you can’t just pull it out!



Problem 10:

An infinitely large (in the x— and y—directions) conducting slab of thickness d is centered at

z=0. The current density jz—Joj in the slab is uniform and points out of the page in the
diagram below.
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Calculate the direction and magnitude of the magnetic field of the slab

i) above the slab, z>d /2.

i) B=1,J,d/21 below theslab, z<—d/2.

iii)B=—uJ,zi for—d/2<z<d/2.

Make a carefully labeled graph showing your results for the dependence of the field
components upon position.

A very long wire is now placed at a height z =h above the slab. The wire carries a current
I, pointing out of the page in the diagram below. What is the direction and magnitude of
the force per unit length on the wire?



Problem 10 Solutions:
1) 1 choose an Amperian loop circulating counterclockwise as shown in the figure above.

Lraner wn | l
R E)ecan cop
B
SA L, -
| =
%’{ el 6 e d
o cletloc
— B

By symmetry, the magnitude of the magnetic field is the same on the upper and lower legs of the
loop. Therefore with our choice of circulation direction the left-hand-side of Ampere’s Law

CJ; B-ds= yo_” J-da becomes <}3 B-ds = 2BI. The current density is uniform and with the unit
normal pointing out of the page (—]-direction) consistent with the choice of counterclockwise
circulation direction, the right-hand side of Ampere’s Law becomes yoj'_[idé = 1,J,1d . Equate

the two sides of Ampere’s Law, we have that 2Bl = x,J,ld which we can solve for the
magnitude of the magnetic field B = 4,J,d /2. The direction of the magnetic field is the same as
the circulation direction on the upper and lower legs. Thus

i) B =—,J,d/2i abovetheslab, z>d/2.

ii)B=p,J,d/21 below theslab, z<—d/2.

Inside the slab, the magnetic field is zero at z =0, so we choose an Amperian loop with one leg
at z=0 as shown in the figure below.
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Th:arefore with (?ur choice of cir?ulation direction the left-hand-side of Ampere’s Law

__[_Ep ds = ﬂo”‘] .d& is now _J;B d = BI. The right-hand side of Ampere’s Law becomes
ﬂo”j -dd = y,J,lz . Equate the two sides of Ampere’s Law, we have that Bl = z,J Iz which we
can solve for the magnitude of the magnetic field B = z,J,|z|.

I T

For positive z such that 0 <z <d/2, the direction of the magnetic field is in the —]-direction

and for negative z suchthat —d /2 <z <0, the direction of the magnetic field is in the + ]
direction. Thus

i) B=—y,Jd,2l for —d/2<z<d/2.

Make a carefully labeled graph showing your results for the dependence of the field
components upon position.

A very long wire is now placed at a height z =h above the slab. The wire carries a current
I, pointing out of the page in the diagram below. What is the direction and magnitude of
the force per unit length on the wire?
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Solution: The force on a small length ds of the wire is given by

dF = Ild§x§:—lljx—’u°‘]°d f__(ds)llﬂo‘]od K

2 2

Therefore the direction and magnitude of the force per unit length on the wire is

The current is the wire and the current in the slab are in the same direction so the force is
attractive.



Problem 11:
In the figure at right a long circular pipe with outside radius R carries a (uniformly distributed)

current i into the page. A wire runs parallel to the pipe at a distance of 3.00R from center to
center. Find the current in the wire such that the ratio of the magnitude of the net magnetic field
at point P to the magnitude of the net magnetic field at the center of the pipe is X, but it has the
opposite direction.

Wire O 4
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Problem 11 Solution:

The field at point P is due both to the pipe and the wire. The field at the center of the pipe is
ONLY due to the wire. Since the direction of these two is opposite the current in the wire must
create an opposite direction field from the pipe at point P and hence it must also be into the page.
The magnitude of the field at point P then is just the difference of the two, and realizing that we
are outside of both, they both just look like long straight wires and hence:

5 Moi ipe ! i : . B (Di H i

B(P)= PP __ o Wire tq th ht; B(P Ctr.) = =Y {0 the left
( ) 2n(2R) 2nR otherng ( 'Pe r) 2n(3R) othele

So the ratio

B(P) — v — Hoipipe uoiWire MoiWire _ ipipe H H _ ipipe
So ~ o X= - =3 ~ wire Wvire =3| - -1
B (Pipe Ctr.) 2n(2R) 2mR 67R 2 21y
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