22.903 Home Work Set No. 2 (Professor Sow-Hsin Chen) Spring Term 2005. Due April 4, 2005

1. This problem is to derive a formula by which the important quantity y(), the density of state
function, can be extracted from the measured self-dynamic structure factor (DSF), SS (Q, ), in
the low Q limit.

(@) Show that in the Q —> O limit, the self-intermediate scattering function can always be written in a
Gaussian form, i.e.
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where the width function W(t) is given by

W(t) = <(AX(t))2> - idtlidtzwx (t)V, (L)) = 2£ dt' (t — )V, (O)V, (t')). @
(b) Define the normalized velocity auto-correlation function by
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and its Fourier transform (the density of states function)
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In order to prove Eq.(5), you have to first prove a relation (in the low Q limit):

£ Q) =~ QAW(D) = —Q(Vy (O)Vy (D). ®



2. This problem concerns calculation of the linear response function and its related susceptibility
function of an one dimensional damped harmonic oscillator (DHO) subject to an applied external
force h(t). The average displacement < X(t) > of the oscillator satisfies an equation of motion of a
DHO given by

M < X(t) > +My < X(t) > +Ma§ < x(t) >= h(t) (7)

where My and MO)S are the friction constant and the spring constant respectively. The linear

response function ¢(t) is defined by the following equation :

t
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The response function can be obtained by taking an impulsive applied force
h(t) = h&(t). 9)

In this case from Eq.(8) and Eq.(9), we have

(x(t)) = ho(t). (10)
From Eq.(10), Eq.(9) and Eq.(7), we obtain and equation for the response function as:
M(t) -+ Myd(t) + Mo2(t) = 5(t). (11)

Remember the definition of the susceptibility function

y[o]=-Lim Ojodtd)(t) exp(—imt —et)=— Tdt(b(t)e(t) exp(—imt —&t). (12)
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where we introduce a unit step function, 6(t) =1 for t>0, and 6(t) =0 for t<O0.

(a) Show that the complex susceptibility function can be calculated by using Eq.(11) and Eq.(12) as:
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and the dissipation function follows from it as
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which is an odd function of the frequency and vanishes when the friction go to zero.

My"[o] = , (14)

(b) Show that the response function can be calculated from the susceptibility function as:
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where QZ = 4(0(2) — y2. It is seen that for small damping, the response function oscillates in time

with a frequency . But for sufficiently large damping, it does not oscillate. We call this latter
case an over-damped harmonic oscillator. Plot the response function for these two cases.

(c) Finally let us define the displacement-displacement correlation function by:
Oy (1) = (x(0)x(1)). (16)

Then with the help of the Wiener-Khintchin theorem, shown in the class notes, which states:
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where the power spectral density function Sy (@) is defined by the equation:

Sy (@)3(0 - ') = (x(0)x(w")) (18)
show that
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Explain this result in the context of the fluctuation-dissipation theorem.



(d) Prove the following relation that holds if x(t) is a stationary random process,
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Use the above theorem to calculate the velocity auto-correlation function (I)V ('[) of the DHO.



