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Introduction
• Recall:  Arithmetic Functions

• Examples: 
» Number of primes less than or equal to x
» Number of divisors of n

• The average of an arithmetic function is defined to be:

• In particular, we want to look at the average as n .
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Average number of representations of n as a 
sum of two squares

• Let r(n) be the number of representations 
such that 

• Theorem:  The average number of 
representations of a natural number as a 
sum of two squares is    .  That is
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Average number of representations of n as a 
sum of two squares (continued)

Proof
• Let

and r(n) be the number of 
lattice points with integer 
coordinates on the circle 

• Hence, 1+R(n) is the number 
of lattice points inside the 
circle

• Idea- Place a unit square on 
each lattice point inside the 
circle and count the number of 
squares to find the area.  
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Average number of representations of n as a 
sum of two squares (continued)

• The total area of unit squares is 1+R(n)
• Upper bound of area is
• Lower bound of area is
• So, 

• Using fact that          and that

• Taking limit as n , we have
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Average number of representations of n as a 
sum of three squares

• Let f(n) be the number of representations 
such that 

• Theorem:  The average number of 
representations of a natural number as a 
sum of three squares is     .That is
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Average number of representations of n as a 
sum of three squares (continued)

Proof
• Let 

• Let f(n) be the number of lattice points with integer coordinates on 
the sphere  

• Hence, 1+F(n) is the number of lattice points inside the sphere

• Idea- Place a unit cube on each lattice point inside the sphere and 
count the number of cubes to find the volume.  To estimate volume, 
we find volume of an outer sphere that encloses all cubes and an
inner sphere that is inscribed inside the cubes.
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Average number of representations of n as a 
sum of three squares (continued)

• The total area of unit cubes is 
• Radius of outer sphere is 
• Radius of inner sphere is

• Comparing volumes, we get

• Using fact that            and 
that           , and rearranging, 
we get 

• Dividing by 

• Taking limit as n , we 
have

2
3

+n

2
3

−n

)(1 nF+

33

2
3

3
4)(1

2
3

3
4

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+<+<⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− nnRn ππ

1132 <π

3
2
3

<π 31113
3
4)( 2/3 −<+−− nnnnR ππ

2/32/32/3

31113
3
4)(

nnnnn
nR

−<+−−
ππ2/3n

π
3
4)(

2/3 →
n

nR∞



12

Outline

1. Introduction
2. Average number of representations of n

as a sum of two squares
3. Average number of representations of n

as a sum of three squares
4. Average number of primitive 

Pythagorean triangles with 
hypotenuse n

5. Average number of divisors of n



13

Average number of primitive Pythagorean 
triangles with hypotenuse n

• Let P(n) be the number of primitive Pythagorean 
triangles with hypotenuse equal to n.  

Primitive Not Primitive

• Example:  P(5)=1 and P(65)=2

• We want to look at:
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Average number of primitive Pythagorean 
triangles with hypotenuse n (continued)

• We want to examine the average of P(n) for large values of n.
• Approach (computer): For each value of n from 1 to 1000, we generate 

the average values and plot them on a graph.  We want to look at the 
behavior as n grows large.
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Average number of primitive Pythagorean 
triangles with hypotenuse n (continued)

• From the figure, we see that the average values 
(measured on the vertical axis) oscillate, but that the 
average levels level off quickly.  

• We can conjecture that
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Average number of divisors

• Let d(n) be the number of divisors of the natural number n.
• Example: d(8)=4
• Theorem:  The average value of the number of divisors 

of natural numbers grows like log n. 
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Average number of divisors (continued)

Proof
• Let k be a fixed integer.  Listing multiples of k less than or equal to n, 

we have

• There are       multiples, where [  ] denotes the floor function.  Each 
of these multiples contributes 1 to the sum 

• Examining multiples of all integers 
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Average number of divisors (continued)

• Now, we want to prove that

• First we establish the relationship:

• Summing over k gives:

• Factoring out n gives

The first and last term are 
• rewritten in integral form
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Average number of divisors (continued) 

• Integrating gives 

• So taking n , we have
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