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Problem 1 (Melcher, Prob. 2.16.5) 

Problem 2 (Melcher, Prob. 4.3.3) 

Courtesy of MIT Press. Used with permission.
Problem 2.16.5 in Melcher, James R. Continuum
Electromechanics. Cambridge, MA: MIT Press, 1981, p. 2.53. ISBN: 9780262131650.

Courtesy of MIT Press.  Used with permission. Problem 4.3.3 in Melcher, James R. Continuum Electromechanics.
Cambridge, MA: MIT Press, 1981, p. 4.57. ISBN: 9780262131650.



Problem 3 (Zahn, Problem 23, Chapter 1) 

A general right-handed orthogonal curvilinear coordinate 
system is described by variables (u, v, w) ,  where 

Since the incremental coordinate quantities du, dv, and dul do 
not necessarily have units of length, the differential length 
elements must be multiplied by coefficients that generally are 
a function of u, v,  and w :  

dL, = h. du, dL,= h, dv, dL, = h, dw 

(a) What are the h coefficients for the Cartesian, cylindri- 
cal, and spherical coordinate systems? 

(b) What is the gradient of any function f(u, v,  w)? 
(c) What is the area of each surface and the volume of a 

differential size volume element in the (u, v ,  w )  space? 
( d )  What are the curl and divergence of the vector 

(e) What is the scalar Laplacian v2f =.v.  (Vf)? 
(f) Check your results of (b)-(e) for the three basic coor- 

dinate systems. 
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1. DIFFERENTIAL OPERATORS IN CYLINDRICAL AND SPHERICAL COORDINATES 

If r, φ, and z are circular cylindrical coordinates and ı̂r, ı̂φ, and  ̂ız are unit vectors in the directions 
of increasing values of the corresponding coordinates, 

∂U 1 ∂U ∂U ∇U = gradU = ı̂r + ı̂φ + ı̂z
∂r r ∂φ ∂z 

1 ∂ (rAr) 1 ∂Aφ ∂Az∇ · An = div An = + + 
r ∂r r ∂φ ∂z 

w W w W w W 
1 ∂Az ∂Aφ ∂Ar ∂Az 1 ∂ (rAφ) 1 ∂Ar∇ × An = curl An = ı̂r − + ı̂φ − + ı̂z − 
r ∂φ ∂z ∂z ∂r r ∂r r ∂φ 

w W 
1 ∂ ∂U 1 ∂2U ∂2U ∇2U = div grad U = r + + 
r ∂r ∂r r2 ∂φ2 ∂z2 

If r, θ, and  φ are spherical coordinates and ı̂r, ı̂θ , and  ̂ıφ are unit vectors in the directions of 
increasing values of the corresponding coordinates, 

∂U 1 ∂U 1 ∂U ∇U = gradU = ı̂r + ı̂θ + ı̂φ
∂r r ∂θ r sin θ ∂φ 

D i 
1 ∂ r2Ar 1 ∂ (Aθ sin θ) 1 ∂Aφ∇ · An = div An = + + 
r2 ∂r r sin θ ∂θ r sin θ ∂φ 

w W w W w W 
1 ∂ (Aφ sin θ) 1 ∂Aθ 1 ∂Ar 1 ∂ (rAφ) 1 ∂ (rAθ) 1 ∂Ar∇ × An = curl An = ı̂r − + ı̂θ − + ı̂φ − 

r sin θ ∂θ r sin θ ∂φ r sin θ ∂φ r ∂r r ∂r r ∂θ 

w W w W 

∇2U = div grad U =
1 ∂ 

r 2 ∂U 
+

1 ∂ 
sin θ

∂U 
+

1 ∂2U 
r2 ∂r ∂r r2 sin θ ∂θ ∂θ r2 sin2 θ ∂φ2 

2. SOLUTIONS OF LAPLACE’S EQUATIONS 

A. Rectangular coordinates, two dimensions (independent of z): 

Φ = e kx (A1 sin ky + A2 cos ky) +  e −kx (B1 sin ky + B2 cos ky) 

(or replace ekx and e−kx by sinh kx and cosh kx).


Φ = Axy + Bx + Cy + D; (k = 0) 


B. Cylindrical coordinates, two dimensions (independent of z): 

Φ = r n (A1 sin nφ + A2 cos nφ) +  r −n (B1 sin nφ + B2 cos nφ) 

R 
Φ = ln  (A1φ + A2) +  B1φ + B2; (n = 0)  

r 

C. Spherical coordinates, two dimensions (independent of φ): 

B C 
Φ = Ar cos θ + cos θ + + D 

r2 r 

1 


