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Generating Functions
for Recurrences

i) Albert R Meyer, April 26,2010

The Rabbit Population

w,::= # newborn pairs
b,i:= # breeding pairs

b, =b,;+w,; (andsob, =1)

Wn = bnfl
Therefore,
bn = bn—l + bn—Z
BEE Albert R Meyer, April 26,2010

Generating Function for Rabbits

B(x) = b,+ bx + bx*+ bx® +-
—xB(x) = - byx —bx?®—b,x® —--.
—x?B(x) = — byx* - bx* —--

Ox* + 0x® +---

bn = bn—l - bn—Z =0

@ Albert R Meyer, April 26,2010 lec 12M.10

.:®  The Rabbit Population
* A breeding pair of rabbits
produces a newborn pair every month.

* Rabbits breed after one month.
+ After n months:

w,::= # newborn pairs

b,::= # breeding pairs
+ Start with a newborn pair:  wy =1
bo=0

=5 Albert R Meyer, April 26,2010

The Rabbit Population
bn - bn-l + |:)n-2
It was Fibonacci who was

studying rabbit population
growthl!

=5 Albert R Meyer, April 26,2010

Generating Function for Rabbits

B(x) =b,+bx b, =0
~xB(x) — byx b, =1
—x°B(x)

B(x) — xB(x) — x*B(x) = b, + (b, — b, )x
B(x)(1-x-x?)=0+(1-0)x = x

@ Albert R Meyer, April 26, 2010




Generating Function for Rabbits

B(x) = =

Albert R Meyer, April 26, 2010

Generating Function for Rabbits

X
B(x)=— X
(x) 1-x—x°

use partial fraction expansion

to find closed form for [x"1B(x).

Albert R Meyer, April 26, 2010 lec 12M.14

Closed Form for [x"|B(x)
X
B =
() 1-x—x°
factor the denominator
1-x-x*=(1-ax)1-Bx)

=1+\/5 1-5

Z'B_—

Coefficient notation

[X"IB(x) ::i=b_= coeff of x" in power
series for B(x)
1 "

e

Albert R Meyer, April 26, 2010 lec 12M.13

Closed Form for [x"1B(x)

1-x-x°

use quadr‘a‘rlc formula

Albert R Meyer, April 26,2010 lec 12M15

Closed Form for [x"1B(x)

b
B0 = 1o 1 Bx

[X"JB(X) =a-o"+b-B"

need to solve for aand b

Albert R Meyer, April 26, 2010 lec 12M18




5. Closed Form for [x"|B(x) _"d the answer
a . b _ X [x“}B(x)z
I-ax 1-Bx (l—ocx)(l—ﬁx) n n
Multiply both sides by (1-0x)(1-Bx) L(“ ‘/g] 1 [i}
a(l—Bx)+b(1—ocx):x 5\ 2 V5 2
Solve for aand b —letting amazmg!
x be 1/, then 1/3 makes it easy
B the answer T the answer
[X"JB(X) = [X"}B(X) =
n n n n
i(n@j 1 [1- 5] i[nﬁj 1 [1— 5}
N 5\ 2 J5l 2 5. 2 )
162 162 (o'
| _converges to Oasn grows
the answer Simpler Closed Form

1 (1445 ) : :
n +
X JB(X)NJEL 2 } 1 (1445
[X"JB(X)z —
~0.45(1.62) Bl 2
rabbit population grows B e -

exponentially round to nearest integer




Towers of Hanoi

Y,

Post #1 Post #2 Post #3

move stack to Post #2
larger disc not above smaller

Albert R Meyer, April 26, 2010

Towers of Hanoi

h,::=# steps by Move, ,(n)
h,=2h,+1

ho = O

Albert R Meyer, April 26, 2010

Hanoi Generating Function

H(x)(1 -2x) = x/(1-x)

_ %
H(x) = (1-x)1-2x)

(The gen func from last lecture)

Albert R Meyer, April 26,2010

m: Towers of Hanoi

=

Post #1 Post #2 Post #3

Move, ,(n)::= [Move; 5(n-1):
big disk 1—2;
Move; ,(n-1)]

Albert R Meyer,

-1/

Hanoi Generating Function

h,=2h,,+1
hp=0
HO) = h + hx + b+
—2xH(x) = - 2h x- Zhléxz—-g-
(1-x)=-1- Ix - 1)(2—

(O]

H(x)-2xH(x)-1/(1-x)=h,-1=-1

Albert R Meyer,

Hanoi Generating Function

by partial fractions
from last lecture

[x“}H(x) =2"-1

Albert R Meyer,

April 26, 2010 lec 12M.26

April 26, 2010 lec 12M.28

April 26, 2010 lec 12M 30




linear recurrences

this method solves

fo=af  +taf ,++af

Team Problems

Problems
1&2

" ha

c 4 an-nk

Albert R Meyer,

April

“'m:  nonhomogeneous terms
ndle

+1
.4 2N
-+ n
4+ n2

with
1/(1-x)
1/(1-2x)
x/(1-x)?
x(1+x)/(1-x)3
P(x)/Q(x)
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